We study a nonlinear process of the formation of a breathing solitary wave in the optical transmission systems with periodic amplification and dispersion compensation. Results of our numerical simulations demonstrate remarkably stable asymptotic propagation of such breathing pulse over long distances. We have derived approximate equations describing pulse amplitude and width oscillations and found that results obtained by this approach are in good agreement with the results of direct numerical modeling on the short and middle distances. It is shown that asymptotic averaged pulses have a form typically close to a Gaussian shape. We have found numerically that an input pulse evolves asymptotically into a stable breathing structure. After the first stage of propagation, the input pulse emits radiation that spreads due to dispersion. The asymptotic structure that is formed realizes a balance between the main pulse and the radiative tail.
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I. INTRODUCTION
One of the most important applications of the soliton theory is fiber optical communications. In order to satisfy the demands of future information transmission, which grows at an exponential rate, it is necessary to develop ultrafast optical transmission lines whose data transmission rates should eventually operate in a few hundred gigabits per second regime. The possibility of achieving such a goal was demonstrated in recent experiments ͓1-5͔. Optical solitons are the real candidates to play the role of the carriers of information in such systems. Nonlinear models governing optical soliton transmission in fiber links are both of evident importance for applications and of a fundamental physical interest.
The problem of high-capacity system design falls into two categories: long-haul transmission systems based on low dispersion fibers ͑the zero dispersion point lies in the 1.55-m window of optical transparency͒ and upgrading the existing fiber links based on standard telecommunication fibers ͑STFs͒. Recent progress in the fabrication of the erbiumdoped fiber optical amplifiers operating at 1.55 m and low dispersion fibers has already demonstrated the effectiveness of long-distance soliton-based optical communication systems ͑see, e.g., ͓2,6-8͔͒. Lightwave transmission systems exploiting periodically distributed in-line optical amplifiers to compensate for a carrier pulse attenuation in the fiber will soon be installed as transoceanic communication links. The main feature of such a system is that amplifier spacing is considerably shorter than the characteristic dispersion length and therefore both the dispersion and nonlinearity can be treated as perturbations on the scale of the distance between amplifiers. Only the fiber losses and periodic amplification are significant factors in the leading order. These factors cause the amplitude oscillations, while the form of the pulse remains approximately unchanged. On a large scale pulse propagation in such communication systems is described by the well-established guiding-center ͑average͒ soliton theory ͓9,6,10͔. The problem of upgrading the existing optical links, which are based on the standard telecommunication fiber, arise due to high ͑approximately 17 ps/nm km͒ dispersion in the 1.55-m window of optical transparency. The optical amplifiers are usually placed at intervals of a few tens of kilometers for conventional transmission systems. The higher capacity of the transmission system requires shorter pulses. Therefore, the destructive influence of dispersion takes place at shorter distances. For multigigabit transmission at 1.55 m the corresponding dispersion length in STFs is approximately equal to the amplification distance in the installed networks ͓11,12͔ and guiding-center soliton theory cannot be applied.
The influence of chromatic dispersion can be significantly reduced and the transmission capacity can be significantly enhanced by means of the dispersion compensation technique. The simplest optical-pulse equalizing system consists of a transmission fiber and a compensating fiber with the opposite dispersion ͓14͔. The incorporation of a piece of fiber with high normal dispersion reduces the total dispersion of the fiber span between two amplifiers. Recent progress in the chirped fiber grating ͓13͔ allows dispersion of 500 ps/nm or even more to be compensated by a grating fiber a few decimeters in length. Presently the dispersion compensation is a simple and effective technique with many attractive features such as compatibility with the present concept of the all-optical transparency of the system, cascadability, and availability of all system components. The effectiveness of this method was demonstrated in several experiments ͓15-18͔ both for point-to-point and for cascaded transmission systems.
The soliton transmission using dispersion compensation fibers ͑DCFs͒ has recently become the focus of intensive research ͓19-30͔. Large variations of the dispersion lead to the oscillations of a pulse width on the amplification distance. It was discovered in ͓23͔ that the resulting asymptotic pulse is close to the Gaussian shape and has energy well above that of the soliton of the average dispersion. Pulse dynamics in the nonlinear Schrödinger ͑NLS͒ equation with the dispersion varying as d(z)ϭ1ϩ⑀ sin(kz) has been studied in ͓33,34͔ by means of the variational approach and numerically. It has been shown in ͓34͔ that while a very broad soliton is stable in such a model, the splitting of the fundamental soliton takes place if the modulation length is of the order of the dispersion length and the modulation amplitude exceeds a certain critical value. The dispersion-allocated soliton transmission line using dispersion-shifted nonsoliton fibers was suggested recently in ͓26͔. In ͓28,21͔ the variational approach was used for the analysis of a pulse dynamics in optical communication systems with dispersion compensation. Modulation instability in the dispersion-managed optical lines was studied in ͓24-32͔. Numerical simulations of the soliton transmission in short standard monomode fiber ͑SMF͒ systems upgraded by dispersion compensation have been performed in ͓12͔. It has been shown that 10-Gbit/s transmission over 200 km is possible with a 36-km amplifier spacing. A theory of the average pulse propagation in systems using DCFs has been presented in ͓19͔. It has been suggested to use breathing solitons for optical data transmission in STFs at 1.55 m.
In this paper we study numerically and by means of the variational approach the asymptotic dynamics of the optical pulse in the transmission systems using the dispersion compensation technique. We have found that an asymptotically input signal evolves into the breathing soliton predicted in ͓19͔. We derive an effective approximate model for pulse evolution by assuming that nonlinear effects and residual dispersion are responsible for ''slow'' average dynamics.
II. BASIC EQUATIONS AND VARIATIONAL APPROACH
The propagation of optical pulses in a transmission system with periodic amplification and dispersion compensation is governed by the ͑dimensionless͒ NLS equation
We use here the notation of ͓19͔: Z NL ϭ1/ P 0 is the nonlinear length, Z dis ϭt 0 2 /͉␤ 2 ͉ is the dispersion length corresponding to the STF ͑there are, as a matter of fact, three different dispersion lengths͒, t 0 and P 0 are the incident pulse width and peak power, ␤ 2 is the group velocity dispersion for the STF, is the coefficient of the nonlinearity, ␥ describes fiber losses, Z a is amplification period, and z k ϭkz a are the amplifiers locations. Retarded time is normalized to the initial pulse width tϭT/t 0 , an envelope of the electric field EϭE(T,Z) is normalized to the initial pulse power ͉E͉ 2 ϭ P 0 ͉A͉ 2 , and the coordinate along the fiber z is normalized to the nonlinear length zϭZ/Z NL . Chromatic dispersion d(z) is normalized here to the STF dispersion coefficient.
We consider without loss of generality the following dispersion-compensating scheme. A transmission line presents periodic alternating DCFs, transmission fiber sections, and in-line optical amplifiers as shown in Fig. 1 . Each section includes a dispersion-compensated fiber with normal dispersion D Ϫ , length Z c , and segments of transmission fiber with anomalous dispersion D ϩ and length ZϭZ a ϪZ c . The average ͑residual͒ dispersion of the section is D res ϭ͓D Ϫ Z c ϩD ϩ (Z a ϪZ c )͔/Z a . To provide the average soliton propagation the residual dispersion D res must be positive ͓19,12,26͔. There are three characteristic dispersion scales in the system under consideration: a dispersion length Z DCF , corresponding to the chromatic dispersion of the DCF; a dispersion length of the transmission fiber Z dis ; and a dispersion length that corresponds to the residual dispersion of each section Z RD . An optical pulse propagating in such a system experiences periodic oscillations of the amplitude and width. A pulse evolution in the transmission line in the first approximation can be described as a quasilinear process. In the first stage, pulses acquire a positive dispersion-induced frequency chirp induced by a DCF. The pulse width increases in this stage due to dispersive broadening. Entering a piece of a STF pulses compress because the sign of the dispersion is reversed and the condition for dispersion-induced compression ␤ 2 CϽ0 is satisfied ͑see, e.g., ͓35͔͒. During propagation in fibers the amplitude of the pulse is reduced due to fiber losses. Therefore, pulses must be regenerated at the end of each section. In cascaded systems such a basic section including a DCF, a STF, and an optical amplifier is periodically repeated. When nonlinear effects and residual dispersion are negligible the pulse recovers its original form. Indeed, a phase shift of the pulse corresponding to the Kerr effect over one cycle of this process is small; therefore, dispersion and fiber losses are the main acting factors. However, these small changes are collected and at larger distances the Kerr nonlinearity may begin to come into play. The influence of residual dispersion appears at a distance of Z RD ӷZ a and alters the shapes of pulses. The nonlinear length Z NL can be comparable with Z RD . Therefore, in the description of a ''slow'' evolution of the pulse, it is necessary to take into account both the residual dispersion and nonlinearity. Thus rapid breathing oscillations of the pulse are accompanied by slow average changes of the pulse characteristics due to nonlinearity and residual dispersion ͓19͔.
In the limit Z a ,Z dis ӶZ NL , one may treat the nonlinearity as a perturbation. In the lowest order, fast oscillations of the linear pulse amplitude and width are given by
͑2͒
Here A does not depend on z and is determined by initial pulse form. For a Gaussian input signal A(0,t)ϭNexp(Ϫt 2 ) linear oscillations are described by Cϭ4R(z) , and ⌽ϭϪ0.5 arctan͓4R(z)͔. The form of linear solution described above gives hints to the explanation of the Gaussian shape of the asymptotic soliton observed in ͓23͔. Pulse chirping creates an effective parabolic potential that is responsible for the formation of the Gaussian wings in both the linear and nonlinear problems. Nonlinear effects come into play on a large scale compared to Z a , namely, on the distances proportional to Z NL . Therefore, we use the solution of the linear problem presented above as the starting point for consideration of the nonlinear problem. Recall that the guiding-center soliton concept introduced in ͓9,6͔ corresponds to the limit Z a ӶZ NL ϳZ dis . We analyze in this work a regime with Z NL ӷZ a ϳZ dis ͓19͔. The existence of the small parameters Z dis /Z RD and Z a /Z NL allows us to introduce fast and slow scales of the evolution ͓19͔. The fast process corresponds to the oscillations of the amplitude and the shape of the pulse; the slow dynamics describes the average changes due to nonlinear effects and residual dispersion. We demonstrate that this slow average dynamics leads asymptotically to the formation of stable breathing structures predicted in
͓19͔.
In what follows we adopt the variational approach and derive by means of this method a simple model describing both rapid oscillations and the average pulse evolution under the combined effects of nonlinearity and residual dispersion. Equation ͑1͒ can be rewritten after a trivial transformation
͑4͒
Here c(z)ϵexp͓2͐ 0 z G(zЈ)dzЈ͔ can be presented as a sum of rapidly varying and constant parts c(z)ϭ͗c(z)͘ ϩc(z), where ͗c(z)͘ϭ0 and ͗c(z)͘ϭ͗exp͓2͐ 0
, where ͗d(z)͘ϭ0 and ͗d͘ ϭ͓d Ϫ z c ϩd ϩ (z a Ϫz c )͔/z a is a small perturbation due to an average residual dispersion (͗d͘ϷZ dis /Z RD Ӷ1). Here we
Any solution of Eq. ͑1͒ corresponds to an extremum of S. Therefore, to obtain an approximate model describing the pulse evolution in Eq. ͑1͒ one can specify some expected general features of a solution in the trial function and obtain a reduced variational problem after integration in t ͓36,37͔. In recent papers ͓28,21͔ this approach has been applied to the problem of optical pulse propagation in systems with dispersion compensation. The accuracy of this method depends on the successful choice of a trial function and must be verified by direct numerical integration.
Because nonlinearity and residual dispersion act as small perturbations to the linear dynamics, we assume that an asymptotic pulse structure will be close to the one given by Eq. ͑3͒. Therefore, to describe both rapid pulse width oscillations and slow dynamics due to nonlinearity and residual dispersion let us choose a trial function in the form
Inserting the trial function given by Eq. ͑5͒ into Eq. ͑4͒, we obtain the reduced variational problem with
͑7͒
After simple calculations one can derive equations describing the evolution of the parameters a(z), b(z), and (z) ͑see, e.g., ͓36,37͔͒,
For instance, for the soliton pulse f (x) ϭsech(x),C 1 ϭ2C 2 ϭ4/ 2 , and for the Gaussian shape f (x)ϭexp(Ϫx 2 ), C 1 ϭ4 and C 2 ϭ1/ͱ2. These equations describe the evolution of the pulse parameters under the combined action of fast variations of the dispersion and amplification and the slow dynamics due to nonlinearity and residual dispersion.
Introducing ϭb, we can obtain from Eqs. ͑9͒ and ͑10͒
To describe propagation of the initial pulse in the form A(0,t)ϭNexp(Ϫt 2 ) we fix as initial conditions to Eqs. ͑9͒ and ͑11͒ b͉ zϭ0 ϭ1, d/dz͉ zϭ0 ϭ0, C 1 ϭ4, and C 2 ϭ1/ͱ2. The solution of these equations in the linear case ͓without the last term in Eq. ͑11͔͒ has the form b l 2 ϭ1ϩ16R 2 (z), where R(z) has been defined above.
In the limit Z a ,Z dis ӶZ NL , one may again treat the nonlinearity as a perturbation. At the lowest order, fast oscillations of the pulse amplitude and width are given by the solution of the linear problem
.
͑12͒
The solution of this equation has the form B Ϯ 2 ϭ1ϩ4C 1 R Ϯ 2 (z), with dR Ϯ /dzϭZ NL d Ϯ /2Z dis . This solution describes rapid oscillations due to the variation of dispersion and a slow broadening due to residual dispersion. It follows from here, in particular, that a small change of b over a period due to residual dispersion is given by b res ϭ͉͗d(z)͘ͱC 1 Z a /Z dis ͉у0.
To obtain the equation governing small changes of b(z) due to nonlinearity we linearize Eqs. ͑9͒ and ͑11͒ about the linear solution B Ϯ , assuming bϭB Ϯ ϩb Ϯ and b Ϯ ӶB Ϯ ,
͑13͒
Here and in what follows we drop Ϯ to avoid complex notation. The initial conditions for Eq. ͑13͒ at zϭ0 are bϭ0 and ϭ0. The solution of Eq. ͑13͒ with these conditions is found as
The coefficients r 1 and r 2 are determined by matching these solutions at zϭz c . The resulting change of the pulse width due to nonlinearity over one period in the main order is given by
In the case we consider here d Ϫ Ͻ0, d ϩ Ͼ0, and, respectively, b ϩ (z a )Ͻ0. One can see that under certain conditions the compression of a pulse ͓b ϩ (z a )Ͻ0͔ due to nonlinear effects can balance dispersive broadening of a pulse due to residual dispersion (b res Ͼ0) even on the one period. A more general situation, however, is when this delicate balance between nonlinear effects and residual dispersion leads to the long-wavelength oscillations that will be described in Sec. III. The above description is valid for any localized structural function f used in Eq. ͑5͒. Now we address the problem of the shape of a breathing soliton. As it has been discovered in ͓23͔, the profile of the asymptotic pulse is very close to the Gaussian shape. This corresponds to the quasilinear solution given by Eq. ͑3͒, as mentioned above. On the other hand, as was found in ͓19͔ in some particular limits, a breathing soliton is described again by the NLS equation and the asymptotic pulse profile is close to sech. Now we use the same variational principle to analyze the general features of the function f . Assume that the asymptotic pulse presents an oscillating quasisoliton. More concretely, we suppose that the shape of the pulse is reproduced after passing the compensating cell. This assumption is based on the results of numerical simulations of ͓23,22͔ and numerical results presented below. In terms of the developed variational approach this means that there are periodic solutions b(z) and (z) of Eqs. ͑9͒ and ͑10͒. Using the results obtained above and this assumption, let us choose a trial function in the form where b(z) and (z) are periodic solutions of Eqs. ͑9͒ and ͑10͒ with some arbitrary C 1 and C 2 ͓we start here from arbitrary C 1 ,C 2 and find the corresponding f (s)͔. Because any solution of Eq. ͑1͒ must realize the extremum of the action S, we can consider now the variational problem ␦Sϭ0 as a way to determine general features of the structural function f . Averaging the Lagrangian over a period in z yields, after simple calculations, the equation of the shape of the asymptotic pulse f (s),
where ␣ 1 ϭZ NL /2Z dis ͗d(z)/b 2 ͘, ␣ 2 ϭN 2 ͗c(z)/b͘, and the angular brackets denote averaging over one period in z. The pulse shape in two important limits can be found from Eq. ͑18͒. In the quasilinear case ␣ 2 →0, the solution is evidently close to the pure Gaussian shape. When ␣ 1 C 1 ϭ␣ 2 C 2 , the pulse profile is close to the fundamental soliton of the NLS equation ͑NLSE͒. In the general case the localized solution presents some intermediate state between the fundamental soliton and the Gaussian shape. Solutions of Eq. ͑18͒ for different limiting cases are shown in Fig. 2 . To illustrate different cases, we set ␣ 1 ϭϭ0.5, ␣ 2 ϭ1, and ␣ 1 C 1 Ϫ␣ 2 C 2 ϭa. The solution with aϭ0.1 ͑close to the NLSE soliton͒ is shown by the solid line, the pulse in the middle corresponds to aϭ1, and the narrow upper solution is for aϭ50. For not small a the solution can be approximated with good accuracy by the Gaussian distribution. A general feature of the structural function f is that it has the Gaussian wings in the typical case. The Gaussian-like shape of the pulse results from the effective parabolic potential that occurs due to the pulse chirping (␣ 1 Ͼ0). Another conclusion from Eq. ͑18͒ is that a localized asymptotic pulse can be formed in the case of the anomalous path average dispersion. Thus this simple qualitative approach explains some observations of ͓23͔. More details on the comparison of this solution with numerical simulations of ͓23͔ will be discussed elsewhere. Equations ͑9͒ and ͑11͒ give an approximate description of the breathing dynamics of optical pulses in cascaded optical systems with dispersion compensation. As was shown in ͓38͔, the variational approach in the nondissipative NLSE is not applicable to the description of the quantitative interaction of the soliton with radiation. Therefore, one should be very careful in making quantitative conclusions about the soliton interaction with radiation from the method developed above. It should be combined with direct numerical simulations. We note that for distances of tens amplifications periods ͑this case is of importance for European fiber links, for instance͒, this approximate description of the pulse evolution is in good agreement with the results of numerical simulations ͓22͔. As will be shown below, however, the variational approach with the simple trial function in the form ͑5͒ does not always keep the important features of the solution of Eq. ͑1͒ that appear on large scales.
III. AVERAGED DYNAMICS
In this section we present the averaged equations describing, in the main order, a slow pulse evolution due to nonlinearity and residual dispersion. To describe fast pulse width oscillations let us make the Fourier transformation Q(z,t)ϭ(1/ͱ2)͐dQ exp(Ϫit). The action S is transformed to
As was mentioned above, in the limit Z a ,Z dis ӶZ NL , one may treat the nonlinearity as a perturbation. In the lowest order, fast oscillations of the pulse width are given by Eq. ͑2͒. The fast process corresponds to the oscillations of the amplitude and the shape of the pulse due to periodic amplification and dispersion compensation and the slow evolution is due the average changes due to nonlinear effects and residual dispersion. Therefore, we assume that Q varies slowly with z and present Q(t,z) in the form
Here dR/dzϭ(Z NL /2Z dis )d(z). Note that in the limit Z dis ӶZ a ӶZ NL from Eq. ͑20͒ a general structure of the asymptotic form of a breathing pulse can be obtained. Indeed, in this limit RϳZ a /Z dis ӷ1 and the integral ͑20͒ can be approximated using the method of stationary phase. This yields ͑omitting insignificant multipliers͒
͑21͒
Note that this asymptotic form of the breathing soliton has the same structure as the solution of the linear problem ͑3͒ in the case of large R. The difference is that the shape of the soliton or the structural function ⌿ is determined by the interplay between residual dispersion and nonlinearity. To obtain the equation for the slow average evolution of Q(t,z) we substitute Eq. ͑20͒ into the Lagrangian and average L over the interval Z a . Because the function ⌿(,z) is assumed to vary slowly on the amplification distance, it can be placed outside the averaging integral. After straightforward calculations we obtain the Lagrangian describing the evolution of the slowly varying envelope.
where the function F is given by
͑23͒
Here gϭ( 1 2 ϩ 2 2 Ϫ 3 2 Ϫ 4 2 )/4␥Z dis . Thus the equation describing the slow evolution of ⌿(,z) reads
͑24͒
Equation ͑24͒ can be written in the Hamiltonian form
with the Hamiltonian
͑26͒
Of course, the Hamiltonian H is real because F*(g)ϭF(Ϫg). For instance, for the case of lossless fiber (␥ϭ0) and equal lengths of DCF and SMF pieces (d Ϫ ϭϪd ϩ ), it can be found that Again it can be shown that localized solutions exist only in the case of the anomalous path average dispersion, i.e., positive ͗d(z)͘. Note that the dynamics of the localized average pulse depends on the dispersion map. The typical solution presents a central peak interacting with radiation. Radiation can be suppressed by special dispersion mapping ͓23͔. Equation ͑24͒ describes the slow averaged evolution of the pulse due to the combined action of nonlinearity and residual dispersion. Results of the numerical simulations demonstrating such an averaged dynamics will be presented in the following section.
IV. ASYMPTOTIC PULSE FORMATION
Here we discuss the results of comparative and asymptotic numerical analyses of a general model given by Eq. ͑1͒ and a truncated variational model given by Eqs. ͑9͒ and ͑11͒. The parameters used in the calculations are Z NL ϭ360 km and Z a ϭZ dis ϭ36 km; which correspond to the input pulse power of the order of several megawatts and t 0 Ϸ27 ps. The dimensionless residual dispersion ͗d͘ used in the simulations varies from 0.05 to 0.1. The characteristic length of the residual dispersion corresponding to ͗d͘ϭ0.1 is Z RD ϭ360
km. Other parameters are ␣ϭ0.25 dB/km(␥ϭ0.115␣); the length of the DCF piece, Z c ϭ6 km; D Ϫ ϭϪ80 ps/nm km, and D ϩ ϭ18 ps/nm km. First, we demonstrate that the variational approach in the form presented above gives a reasonable approximation of the optical pulse dynamics in the system under consideration, but only on relatively short distances. Figures 3 and 4 show the pulse evolution obtained by direct numerical simulations of Eq. ͑1͒ ͑solid line͒ and by means of the variational approach ͑dashed line͒. The spatial evolution of the envelopes ͓͉A(0,z)͉͔ is presented in Fig. 3 , while Fig. 4 shows the Fig. 8 , but for the Gaussian input pulse A(0,t)ϭ1.52 exp(Ϫt spatial dependence of the pulse width. The agreement of the direct simulations with the variational approach is very good up to the distance zϷ1, which corresponds to the propagation distance of about 360 km. In Figs. 3 and 4 the fast dynamics of the pulse is shown. Small changes over one period lead to the slow evolution of the pulse parameters. To describe the slow evolution, we will use the following pulse characteristics: the maximum and minimum of the pulse amplitude and width on the amplification period and the pulse width and amplitude at the amplifiers ͑located at z k ϭz a k, with kϭ1,2,3, . . . ). The long-term ͑averaged͒ pulse evolution is shown in Fig. 5 . In Fig. 5 the pulse amplitude at the amplifiers found by means of the variational approach ͑dashed line͒ and by means of direct simulations of Eq. ͑1͒ ͑solid line͒ is plotted. As follows from Fig. 5 , at larger distances the results of the simulations diverge considerably and truncated variational model with the trial function in the form ͑5͒, which keeps the main rough features of the dynamics, is not valid for the quantitative description of the pulse propagation.
Due to the quasilinear character of the rapid oscillations, the general features of the dynamics do not depend significantly on the particular shape of the input signal. On the scale of many amplification distances, the input pulse evolves into a new state that manifests itself as a breathing solitary wave. The speed and features of this transition depend on the residual dispersion value, input pulse parameters, and its shape. Figures 6-8 demonstrate the oscillating structure that emerges from the initial pulse A(0,t)ϭN/cosh(t). In Figs. 6 and 7 the pulse amplitude and width, respectively, at the amplifiers are shown. Note that the amplification distance z a ϭ0.1 in the dimensionless variables; therefore, this figure can be considered as an average description of the pulse dynamics. The fast breathing dynamics is accompanied by slow average oscillations due to nonlinearity and residual dispersion. In the asymptotic state the amplitude of these oscillations is smaller than during the transition period. However, we did not find in our numerical simulations a state for which such slow oscillations are absent. Figures 8 and 9 illustrate how the asymptotic state can depend on the input pulse shape. In these figures the upper line is for the maximum of the pulse amplitude on the amplification period and the lower line corresponds to the averaged minimum of the pulse amplitude. Figure 9 shows that for the initial Gaussian pulse, on average, oscillations are smaller and have a larger period in comparison to the sech input pulse ͑Fig. 8͒. It should be pointed out that quasistable propagation is possible if a residual dispersion coefficient D res is positive ͑anomalous dispersion region͒. Only in this case is the propagation of breathing bright soliton possible, even in the presence of DCF pieces with high normal dispersion. If the residual dispersion is negative, dark solitons can propagate in such a system. We use here the term breathing soliton, though the shape of the final state is not sech, as for guiding-center solitons. As was shown in ͓23͔, an asymptotic pulse forming after many amplification periods is closer to the Gaussian profile rather than to sech.
The asymptotic state that is formed with a pulse propagation along the system is not stationary even in the averaged description. The pulse structure, as can be clearly seen from 5 ͉A͉ 2 dt. The initial conditions are the same as in Fig. 10 . P main versus z is plotted.
Ϫ200 to 200 in t to avoid the influence of the boundary effects on the tail evolution. The central part of the peak is close to a Gaussian distribution in accordance with the results of ͓23͔. Figure 10͑b͒ presents a closeup view of the tail dynamics. This figure demonstrates that the pulse propagating down the fiber link emits radiation that spreads due to dispersion. Figures 11 and 12 show the evolution of the pulse and the tail energies, respectively. In many ways the asymptotic pulse dynamics of our model is similar to asymptotic solutions of the NLS equation studied in ͓38͔. This dynamics has two basic stages, namely, the ''fast'' separation of radiative part from the initial pulse and the ''slow'' interaction of continuous radiation with the main pulse. In our particular case the process of radiative tail separation is completed at the distance zϷ20 ͑see Figs. 12 and 13͒ for the chosen initial field distribution. The amount of energy of continuous radiation is less than 1% of the energy of the main pulse. The further interaction of continuous radiation with the main pulse has the character of decreasing oscillations. The corresponding energies of the radiative tail and the main pulse are approaching their constant values. This behavior is in good qualitative agreement with the pulse dynamics in the integrable NLS equation described in ͓38͔. The period of oscillations is approximately equal to 25.5 ͑the dispersion length in our case is equal to 0.1͒.
Continuous radiation leads to the bit rate limitation in fiber optical links. The source of these limitations is the nonlocal character of the pulse interactions in the bit stream through continuous radiation. The description of a such an interaction will be presented in a separate paper.
V. CONCLUSIONS
In conclusion, we have studied numerically and by means of the variational approach an asymptotic breathing optical pulse propagating through cascaded transmission systems with periodic amplification and dispersion compensation. We have derived approximate equations describing the pulse amplitude and width oscillations and found that results obtained by this approach are in good agreement with the results of direct numerical modeling on the short and middle distances. This approximate variational approach explains two important observations of the numerical work ͓23͔: the Gaussian shape of the asymptotic pulse and the formation of a quasistable pulse only in the case of anomalous path average dispersion. We have found that an input pulse evolves asymptotically into a stable breathing structure. After the first stage of propagation, the input pulse emits radiation that spreads due to dispersion. The asymptotic structure that is formed realizes a balance between the main pulse and the radiative tail. The results of our numerical simulations confirm the possibility of ''breathing'' pulse transmission.
